
Axial Dispersion of Submicron Particles in 
Capillary Hydrodynamic Fractionation 

In the present investigation, Taylor’s analysis of the axial dispersion 
of a solute in a Newtonian fluid undergoing laminar flow through a cir- 
cular tube was applied to dispersions of colloidal particles, in which 
effects of size exclusion, inertial and colloidal forces, and wall retarda- 
tion must be considered. The results indicate that the product of the 
particle Reynolds and Peclet numbers determines the importance of the 
inertial forces on both the effective axial diffusion coefficient and the 
height of a theoretical plate. 

The height of a theoretical plate as a function of the eluant ionic 
strength and average velocity, particle diameter, and tube diameter was 
determined experimentally. Close agreement with the numerical calcu- 
lations from the diffusion equation was obtained. The height of a theo- 
retical plate was found to attain a maximum value when the product of 
Reynolds and Peclet numbers was approximately 10.5. 

introduction 
A slug of solute initially concentrated a t  the entrance of a 

capillary conduit spreads longitudinally as it moves with the car- 
rier fluid. This spreading is referred to as axial dispersion. 
Knowledge of axial dispersion of species flowing through capil- 
lary conduits is important in many biological and physiological 
membrane transport processes. Some examples are the disper- 
sion of soluble material in blood vessels and the dispersion of sol- 
utes in water-conducting organs of plants, as well as the frac- 
tionation of macromolecules in gel permeation chromatography 
(GPC) or of colloidal particles in hydrodynamic chromatogra- 
phy (HDC), capillary hydrodynamic fractionation (CHDF),  
and sedimentation field flow fractionation (SFFF). In gas chro- 
matography, the principal advantage of using a narrow bore 
capillary, rather than packed chromatographic columns, lies in 
the considerably greater number of theoretical plates that can 
be generated in the narrow bore tubes due to the less amount of 
axial dispersion. In liquids, diffusion coefficients are about four 
orders of magnitude smaller than those in gases, which results in 
greater band broadening in a liquid mobile phase. Conse- 
quently, efforts have continually been made to apply the advan- 
tages of open tubes to high-performance liquid chromatography 
(HPLC). 

The dispersion of molecular species in laminar flow through 

Present address of J. G. DarRamos: Matec Applied Sciences, Hopkinton, M A  

Cesar A. Silebi 
Jose G. DosRarnos 

Department of Chemical Engineering 
and Emulsion Polymers Institute 

Lehigh University 
Bethlehem, PA 18015 

capillary tubes was first studied in 1953 by Taylor, who devel- 
oped the theoretical analysis by which the longitudinal disper- 
sion can be evaluated in terms of fundamental parameters. 
Shortly afterwards, Aris (1956) used the method of moments to 
generalize Taylor’s analysis to include noncircular cross sec- 
tions. The Taylor-Aris effective axial dispersion coefficient, 
D,, is given by: 

where 
D, = diffusion coefficient of the solute 
R, = radius of the capillary 
v, = average velocity of the fluid 

Finite difference solutions have also been obtained by Bailey 
and Gogarty (1962) and Ananthakrishnan et al. (1965). The 
experimental data reported by Evans and Kennedy in 1965 con- 
firm Taylor’s theoretical prediction of average concentration 
distributions for large values of residence time. In 1970, DiMar- 
zio and Guttman applied Taylor’s analysis to evaluate longitudi- 
nal dispersion coefficients of finite-size spherical particles. 
According to DiMarzio and Guttman, a Brownian particle sus- 
pended in a viscous fluid undergoing Poiseuille flow within a 
capillary tube will sample all radial positions accessible to it 
with equal probability, provided the residence time in the flow 
field is long. Due to its finite size, however, the approach of the 
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particle center to the inner surface of the capillary tube will be 
limited to a distance equal to its radius. As a consequence of this, 
the particle is excluded from the slowest moving streamlines; 
this indicates that the longitudinal dispersion of particles will be 
somewhat decreased with increasing particle size. DiMarzio and 
Guttman obtained a modified Taylor-Aris axial dispersion coef- 
ficient, D&, given by: 

where Rp is the radius of the particles, Dm is the particle diffusiv- 
ity in an unbounded fluid, given by the familiar Stokes-Einstein 
relation: 

(3) 

where 
k = Boltzmann’s constant 
T = absolute temperature 
p = fluid viscosity 

The term in parentheses in Eq. 2 accounts for the exclusion of 
the particle from a layer of thickness Rp around the wall. 

Brenner and Gaydos ( 1977), following the method developed 
by Ark, also treated the problem of dispersion of particles in 
laminar flow within a capillary tube. This analysis used a more 
accurate representation of the particle velocity and its diffusion 
coefficient than that used by DiMarzio and Guttman, which is 
important since both the particle diffusion and diffusion coeffi- 
cient are affected hydrodynamically by the presence of the cap- 
illary wall. Brenner and Gaydos’ calculations indicate that the 
contribution of the convective flow to the axial dispersion as 
obtained by Taylor is decreased first by the DiMarzio exclusion 
effect up to an aspect ratio (the ratio of particle to capillary 
diameter) of 0.075, and then increased for larger aspect ratios 
due to the wall effect on the particle diffusion coefficient. 
Although Brenner and Gaydos did not include in their numer- 
ical calculations the effect of external and internal force fields, 
they did develop expressions from which the axial dispersion 
coefficient can be evaluated in the presence of such force fields. 

Polymer colloids provide a model system with a broad range 
of well-characterized uniform particle sizes which can be used to 
further investigate the dispersion phenomena of particles flow- 
ing through capillary tubes under laminar flow conditions. Sev- 
eral experimental studies have been reported which demonstrate 
that, contrary to Taylor and Ark’ analysis, when colloidal par- 
ticles are pumped through a capillary tube, their axial dispersion 
decreased with increasing eluant velocities. Noel et al. (1978) 
were the first to report on such behavior for 10-pm particles 
when using capillary tubes to separate, according to size, of par- 
ticles with diameters larger than 1 pm. In a similar study of par- 
ticle fractionation by flow through capillaries, Brough et al. 
(1984) found the same behavior for 2-pm-diameter particles. 
These results and those of Poehlein (1  979) have been reviewed 
by McHugh (1985) who explained them on the basis of the 
tubular pinch effect caused by the radial migration of the par- 
ticles in laminar flow in tubes toward a noncentral radial posi- 
tion, due to the inertial forces (Segre and Silberberg, 1962). 
Ploehn (1987) analyzed the experimental results of Noel et al. 
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(1978), for the mean axial velocity of the particle, by incorporat- 
ing the inertial and colloidal forces into the general diffusive 
transport theory of Brenner and Gaydos (1977). Recently, 
Silebi and DosRamos (1988) used capillary hydrodynamic frac- 
tionation (CHDF) to obtain analytical separations of submi- 
cron-sized particles using capillaries with diameters as small as 
7 pm. In contrast to previous studies, these investigators found 
that, when smaller capillaries are used in addition to the effect 
of the inertial forces on the particles, ionic strength effects were 
also of significant importance for the fractionation as well as for 
the axial dispersion. 

In the present work, we follow Taylor’s method of analysis of 
the dispersion phenomena in laminar flow through capillaries. 
The wall retardation effect, as well as the colloidal and inertial 
forces, are incorporated, since they affect the particle displace- 
ment and its radial distribution. The effect of these forces on the 
axial dispersion of coltoidal particles, which have not been inves- 
tigated previously, provides an interesting case for analysis, 
since the fluid flow is not complicated by the presence of the par- 
ticle and the particle radial migration induced by the inertial 
and colloidal forces. The most important feature of the theory of 
dispersion as introduced by Taylor is that it enables one to 
describe the average concentration distribution in a complex 
three-dimensional system by the solution of the one-dimensional 
convective diffusion equation. As a result, the primary problem 
is to determine from first principles the dispersion coefficient 
associated with the one-dimensional diffusion equation. 

The purpose of the present investigation is twofold: 1) to 
extend the analysis of dispersion of colloidal particles flowing 
through a circular tube by including the radial migration of the 
particles caused by inertial and colloidal forces; 2) to experi- 
mentally validate the analysis of dispersion obtained using vari- 
ous tube and particle diameters, fluid average velocities, and 
eluant ionic strengths. 

Theory 
Consider a capillary tube of length L and radius R, through 

which a Newtonian fluid undergoes Poiseuille flow with an aver- 
age velocity urn. A dilute suspension of colloidal particles, of 
radius Rp, is injected at  the entrance of the capillary, and the 
effluent is subsequently monitored. As the fluid carries the col- 
loidal particles, the velocity profile and the various forces acting 
on the particles distort the slug and dispersion begins. Because 
of the finite size of the colloidal particles, their center of gravity 
is excluded from a layer of thickness Rp adjacent to the wall. As 
a consequence of this size effect, the center of gravity of the par- 
ticles executes Brownian translation over a reduced cross-sec- 
tional area. This is illustrated in Figure 1. 

A population balance of the colloidal particles in a small sec- 
tion of the capillary will include the flux of colloidal particles 

- - - - - - - I $ - - -  

- - - - - - - -  
PARTICLE EXCLUSION LAYER 

Figure 1. Streamline exclusion effect of a particle of ra- 
dius Up in a capillary tube of radius R,. 
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due to the following phenomena: 
0 The convective flow of the colloidal particles being carried 

in the longitudinal direction by the flowing fiuid 
Fickean diffusion of the particles due to radial and longitu- 

dinal gradients 
0 The forces of interaction between the capillary wall and the 

colloidal particles, mainly double layer repulsion and van der 
Waals attraction 

The fluid inertial forces acting on the particles 
Thus, the total fluex, N ,  is given by the sum of the convective, 

Fickean, and colloidal-force-induced fluxes: 

(4) 
D N = CV, - D * V C -  - 
kT 

V 9  

where @ is the total potential of interaction between the particle 
and the surface of the capillary, given by the sum of the electro- 
static double-layer repulsion and the van der Waals attractive 
potentials (9 = aDL + @pyw), D and up are the diffusion coeffi- 
cient tensor and the velocity of the particle. 

Conservation and continuity of the concentration requires 
that Csatisfy the continuity equation: 

d C  
- + V . N = O  
d t  

Substitution of the expressions for the fluxes into the equation 
of continuity gives: 

a 

where D, and D, are the radial and axial components of the par- 
ticle diffusion coefficient tensor, both of which can be evaluated 
from the general Stokes-Einstein equation corrected for the 
proximity of the particle to the surface of the capillary: 

(7) 

where the dimensionless function, 1, is a correction to Stokes’ 
law which is a function of the dimensionless radial position 7 = 

r/R,, available in tabular form (Hirschfield et al., 1984). In the 
direction parallel to the capillary wall, these tabulated values 
were evaluated in our calculations using the following expres- 
sion: 

(8) 
2.1044 - 2.75: -I- 1.208F2 

1 - 7  i ( 7 )  = 

and in the direction perpendicular to the tube axis, the tabulated 
values of Hirschfield and Brenner were fitted by the following 
expression: 

(9) 
1.8044 - 1.357; + 0.671F2 

1 - 7  m = 

Equation 6 ,  together with the appropriate boundary and ini- 
tial conditions, and the corresponding expressions for vpZ,vp, and 
the colloidal forces acting on the solute particle, describes the 
transport of colloidal particles through a capillary tube. 

Fully -developed Concentration profile 
If the particle residence time in the capillary tube is long, the 

radial distribution of particle concentration downstream from 
the injection will attain steady state and the concentration pro- 
file will be fully developed. For this to occur, it is necessary that 
the particle residence time in the capillary, ( t , , ) ,  be long enough 
for the particle to diffuse one capillary radius (which can be 
approximated by Rz/Dm). For ( t , )  greater than R:/D,, the time 
required for convection to distort the slug is very long compared 
to the time for the concentration profile to relax vertically; 
therefore, the radial concentration profile can be expected to 
become fully developed. A comparison between the range of res- 
idence times for two different particle diameters (0.088 pm and 
0.357 pm) with the diffusion time required for the particle to 
migrate one capillary radius by Brownian motion is shown in 
Table 1. In contrast to previous investigations (Noel et al., 1978; 
Poehlein, 1979; Brough et al., 1984), in the present work the 
particles have sufficient residence time to sample all possible 
radial positions several times, thus attaining steady state and a 
fully-developed concentration profile. 

The solution for the fully-developed concentration profile can 
be obtained in a simpler manner than by solution of Eq. 6. At  
full development, the total flux, N,, is zero. Thus, 

Integration of this equation yields: 

(R,  - Rp)2e-ED) 
2 [ %- Rp - EW rdr 

C(r) = C, 

JO 

where 

Table 1. The Smallest Experimental Elution Times vs. the 
Time Required for a Flowing Species to Travel across the Tube 

Particle Dia. 

Tube Radius, pm Marker 88 nm 357 nm 

3.75 
R~ID, ,  s 0.01 2.8 11.5 
Smallest Residence 

Time, s 210.0 190.0 165.0 

6.5 
R:ID,, s 0.03 8.5 34.6 
Smallest Residence 

210.0 200.0 190.0 Time, s 

17.0 
R1 f D,, s 0.2 58.0 237.0 
Smallest Residence 

900.0 850.0 800.0 Time, s -~ 

Vol. 35. No. 8 AlChE Journal August 1989 1353 



and C,, is the mean concentration in the tube which varies with 
axial position and time. If the particle’s residence time in the 
capillary is much longer than Ri/D, ,  this equation can be 
assumed to hold for all 2. 

Average particle velocity 
At low particle concentrations, the probability density of a 

particle being at a particular radial position can be replaced by 
the number concentration, C(r).  Therefore, the average particle 
velocity can be calculated by weighting the local particle veloc- 
ity a t  a given radial position with theconcentration a t  that radial 
position (given by Eq. 11) and integrating over the cross section 
of the tube available to the particle. An expression results which 
is similar to those used to evaluate the average velocity of colloi- 
dal particles in hydrodynamic chromatography (Silebi and 
McHugh, 1978; Buffham, 1978; Prieve and Hoysan, 1978): 

The upper integration limit (R, - R,) accounts for the finite 
size of the colloidal particle which excludes its center of gravity 
from a layer of thickness R,, adjacent to the wall as illustrated in 
Figure 1. 

Local particle velocity 
A particle suspended in a fluid undergoing Poiseuille flow is 

carried by the fluid at  a velocity somewhat less than the axial 
velocity of the undisturbed fluid at  the same distance from the 
tube wall as the particle’s center of mass. The particle velocity a t  
a distance r from the tube center is given by: 

up,(r) = 2 2 4 1  - r 2 )  - ups (14) 

where the first term is the familiar laminar flow profile for the 
unperturbed eluant stream velocity which has a mean velocity 
v,, at  the position of the center of mass of the particle, and v,,, is 
the slip velocity of the particle. In general, a neutrally buoyant 
particle lags the local Poiseuille flow in which it is suspended. 
For neutrally-buoyant particles, it has been found, both theoret- 
ically (Brenner and Happel, 1958) and experimentally (Gold- 
smith and Mason, 1961; Karnis et al., 1970), that the slip veloc- 
ity of a particle suspended in a fluid flowing through a tube 
depends on the radial position of the particle and the ratio of 
particle radius to tube radius. Ho and Leal (1974) found that 
the simple addition of the two-single wall effects, used by Halow 
and Wils (1970) in a two-dimensional Poiseuille flow, gave 
results which compared well with their ‘exact’ results. Following 
Halow and Wils’ approach, the resulting expression for upup. is: 

4 5 
3 4 

up, = - v,K2 + - u,K3(1 + 7) 

.-- “ (1 - 7)2 

This expression is consistent with the experimental results of 
Goldsmith and Mason (1961), as well as with the theoretical 
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analysis of the slip velocity of a particle in a capillary tube by 
Bungay and Brenner (1979). 

Radial velocity 
The hydrodynamic lateral force, which drives the particles 

toward a certain equilibrium radial position a t  about 60% of the 
tube radius from the tube axis, as observed by Segre and Silber- 
berg ( 1  962a, b), has been the subject of numerous theoretical 
analyses (Rubinow and Keller, 1961; Safman, 1965). Most of 
these investigators obtained expressions which did not predict 
this asymmetric equilibrium radial position, and an empirical 
factor was introduced in their equations to account for this 
experimental observation. Cox and Brenner (1968) developed 
the theory from which the particle’s radial migration velocity, 
up,, in a general tube flow can be calculated. The radial migra- 
tion velocity of a freely-rotating particle in a general bounded 
flow is given by (Cox and Brenner, 1968): 

up, = (U:h (k) - U,v,g (i) 

where v is the kinematic viscosity of the fluid, and U, is the sedi- 
mentation velocity of the particle in an unbounded fluid. In this 
analysis, in which the wall effects were not considered, the axial 
slip velocity due to buoyancy effects is simply U,. Using this 
general theory, Ho and Leal (1974) and Cox and Hsu (1977) 
determined the radial velocity of a particle in simple shear flow 
and in one- and two-dimensional Poiseuille flows, respectively. 
These theoretical analyses showed that when a particle lags the 
flowing fluid, it will migrate away from both the axis of symme- 
try and the plane surface bounding the fluid. Recently, lshii and 
Hasimoto (1 980) succeeded in determining the migration veloc- 
ity of a particle in a circular tube using the general theory of Cox 
and Brenner (1968) and the expressions of the Green’s function 
obtained earlier by Hasimoto (1977). Since the theoretical cal- 
culations of Ishii and Hasimoto break down near the wall of the 
capillary, we, like Ishii and Hasimoto, used the theoretical val- 
ues obtained by Cox and Hsu in this region. In order to simplify 
our calculations, the theoretical curves for the functions h, g , J ,  
and f2 shown in Figures 1, 2 and 3a of Ishii and Hasimoto 
(1980), which include the asymptotic values obtained by Cox 
and Hsu near the capillary surface, were fitted by the following 
expressions: 

0.721 r 0.786r f, - + f 2  - =- - 0.71 -- exp - (L) (L] * (R)( k) ! R0 1 (19) 

Substituting these expressions into Eq. 16 permits determina- 
tion of the radial migration velocity of a particle in a tube. In the 
case of neutrally-buoyant particles, the sedimentation velocity is 
zero and, therefore, the first two terms in Eq. 16 are zero; inde- 
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pendent of the ratio of particle to tube ratio, this equation pre- 
dicts an equilibrium radial position, in which up, is zero, at 
r / R ,  = 0.71. Karnis et al. (1966) and Walz and Grun (1973), 
however, found that the equilibrium radial position for neutrally 
buoyant particles varies with the ratio of particle to tube radius 
when the tube Reynolds number is less than 1. In the absence of 
a rigorous solution to account for these effects, we used the fol- 
lowing approach: rather than using the axial slip velocity in the 
absence of wall effects, U,, in Eq. 16, we used the axial slip 
velocity when wall effects are not negligible, as given by (Bren- 
ner, 1966): 

wheref;(F) is the correction for the terminal setting velocity of 
the particle in a bounded fluid (Brenner, 1966). As indicated in 
Table 2, our calculated values of the equilibrium radial position, 
using the approach described above, at those values of K are 
essentially identical to the values reported by Karnis et al. 
(1966) and also to those obtained using the correlation derived 
by Walz and Grun (1973) which is based on curve fitting the 
experimentally-determined radial equilibrium positions ob- 
tained at Reynolds numbers less than 1. 

Colloidal forces 
The potentials of interaction, aDL and am, are calculated by 

assuming a sphere-plane interaction, a justifiable assumption 
because of the small ratio of particle to capillary radii. Approxi- 
mate expressions for the double-layer repulsion covering the 
range from small- to large-particle-wall separations have been 
developed by Bell (1970) and Oshima et al. (1982). The appro- 
priate formulas are: 

where 
t = dielectric constant of the eluant 
e = protonic charge 
a = minimum separation distance between the particle and 

capillary surfaces, R, - r - Rp 
9, = surface potentials for the capillary, i = 1, or particle, i = 

2 
K~ = Debye double-layer thickness, in terms of the ionic concen- 

tration in the eluant phase, ci, and for a symmetric electro- 
lyte of valence z 

Table 2. Values of the Equilibrium Radial Position, r*, as a 
Function of the Ratio of Particle to Capillary Radius, K 

r* from Eq. 27 Walz and Grun (1973) 
r* = 0.67 (1 - K )  K Substit. U- by U 

Thus, 

The latex surface potential, q2, which is a function of surface 
charge density, cq, and the molar concentration of ionic species, 
c,, and for symmetric electrolytes is given by (Hamaker, 1937): 

The total surface charge density in the presence of the surfac- 
tant can be evaluated by conductometric titration or indirectly 
from measurement of the zeta potential at a particular ionic 
strength. 

The van der Waals attractive potential between a sphere and 
a plane wall was originally estimated by Hamaker (1937) based 
on the unretarded attraction energy between two atoms. More 
recently, Gregory (1 981) derived an approximate expression 
accounting for the retardation effects which must be considered 
at  large separations: 

where AH is Hamaker's constant and X is the wavelength of 
intrinsic oscillations of atoms which can be derived from refrac- 
tive index data (Ottewill and Healy, 1962). 

Since Born repulsive forces are very short-range interactions, 
they are of negligible importance. Because low-molecular- 
weight anionic surfactants have been used in our experiments, 
steric repulsion potentials have not been included in our calcula- 
tions. 

Eflective mean axial diflusion coefieient 
Following Taylor's analysis, it is convenient to define concen- 

tration and velocity relative to axes moving with the average 
velocity of the colloidal particles. The axial distance Z, mea- 
sured from the origin of this coordinate system is given by: 

where Z is the position relative to the tube entrance. In this mov- 
ing coordinate system, the time derivative may be neglected 
since the concentration profile evolves very slowly in the trans- 
lating coordinate system. After neglecting the contribution to 
the flux of the colloidal particles by axial diffusion (Taylor, 
1954), in this moving coordinate system Eq. 6 in dimensionless 
form reduces to: 

0.01 0.659 0.663 
0.04 0.636 0.643 
0.07 0.617 0.623 
0.10 0.599 0.603 
0.13 0.583 0.583 
0.16 0.568 0.563 
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where the following set of dimensionless variables have been 
introduced: 

where 

where the particle Reynolds number, Re,, the Peclet number, 
Pe, and the separation factor, Rf are given by: 

V 

Integrating twice with respect to i yields: 

where 

H(F*) = li' {ii,z(F**) - R,)e-E)T**)F** dF** (30) 

Defining Nz,(Zl ,  t )  as the rate of transport of particles across 
a plane of constant Z , ,  the following expression is obtained: 

Nz, = 27r lRn-Rp k ( v p z  - (v,,)) - D, 

Substituting Eqs. 1 1 and 29 into Eq. 3 1 produces: 

Integrating by parts the double integral in Eq. 3 1, and substi- 
tuting Eqs. 13 and 29 we obtain: 

+ lk-" Dz(r)CE(') rdr (33) I 
The time rate of change in the number of particles in a thin 

slice, bounded by the planes 2, and Z ,  + d Z I ,  is equal to the net 
flow of particles through the two planes: 

2 r  (l"" Cr dr) = - dz, aNZ 
(34) 

By substituting Eqs. 11 and 32 into Eq. 33, the following 
expression is obtained: 

1356 

(35) 

August 1989 

which is the effective axial dispersion coefficient for the convec- 
tive transport of colloidal species through a tube. This is the 
same result obtained by Brenner and Gaydos using Arid for- 
malism. 

The solution to Eq. 35 in the case in which N particles are 
concentrated over a small length 6L at  the capillary entrance 
( z  = 0), at  time I = 0, is given by: 

I T  

(37) 

The equations for the particle velocity and the colloidal and 
inertial forces were combined with Eqs. 7, 12 and 30 to compute 
from Eq. 36 the effective axial diffusion coefficient of colloidal 
particles flowing through a narrow bore capillary as a function 
of experimentally-measured parameters-cluant ionic strength 
and average velocity, capillary inner diameter, and colloid par- 
ticle diameter, as well as the material parameters-Hamaker 
constant, surface charge density, and/or surface potential. 

Results and Discussion 
Eflect of size exclusion and wall resistance 

In order to consider the size exclusion and wall effects, we 
have set the potential E ( r )  equal to zero. As a consequence, the 
exponential terms in Eqs. 13, 30 and 36 are equal to 1, which 
indicates that a particle samples all possible radial positions 
with equal probability. The dimensionless effective diffusion 
coefficient given by the ratio of the effective diffusion coefficient 
of the particles (obtained from the numerical integration of Eq. 
36) to the effective diffusion coefficient given by the Taylor- 
Aris theory (Eq. 1 )  is shown in Figure 2 for three cases. 

The first case (curve A) corresponds to the results of DiMar- 
zio and Guttman's analysis, which considers the effects of: i) the 
exclusion of the particle center from the region close to the tube 
wall; and ii) the velocity retardation effect of the particle given 
by the leading term of the slip velocity expression in Eq. 15. 
Because of the exclusion effect, particles do not sample the 
smaller fluid velocities. As a consequence, the axial spreading of 
particles is decreased as the size of the exclusion layer is 
increased (larger particle sizes). On the other hand, the velocity 
retardation of the particles should increase their axial spread- 
ing. Because the exclusion effect is first-order (first power 
dependence on the ratio of particle to capillary radii), while the 
velocity retardation is second order, the net result of these two 
effects is a decrease in the effective axial dispersion coefficient, 
as shown in Figure 2. The results of our numerical calculations 
are essentially identical to the analytical expression derived by 
DiMarzio and Guttman (Eq. 2). 

The second case (curve B) corresponds to the zero potential 
results obtained by Brenner and Gaydos, which include not only 
the two effects considered by DiMarzio and Guttman, but also 
the complete expression for the slip velocity, as well as the 
hydrodynamic wall effects in the translational diffusivity. This 
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effects in the regions near the capillary wall for the determina- 
tion of the actual effective axial diffusion coefficient of the par- 
ticles. 

0.4 1 

\ 

\ 
1,,,,,,,1,1 

0.04 0.08 0.12 0.16 

Rp ’ RIY 

Figure 2. Dimensionless axial diffusion coefficient of col- 
loidal particles at zero potential. 
Curve A, DiMarzio and Guttman’s case (slip velocity given by first 
term in Eq. 15); B, Brenner and Gaydos’ case; C, DiMarzio and 
Guttrnan’s case (slip velocity given by Eq. 15). 

diffusivity goes to zero when the sphere is in contact with the 
wall due to the finite hydrodynamic resistance to translational 
motion (both parallel and perpendicular to the wall) of a sphere 
in contact with the wall. Since the translational diffusivity of the 
particles decreases as the hydrodynamic resistance to transla- 
tional motion increases, this effect increases the first term in Eq. 
36 while the second term decreases. The second term, however, 
is several orders of magnitude smaller than the first term in Eq. 
36; consequently, the effective axial dispersion coefficient is 
increased by the enhancement of the hydrodynamic resistance 
to translational motion of the particles near the wall. The results 
of our calculations for this case are shown in curve B of Figure 2. 
It can be seen that the relative effective diffusion coefficient 
decreases for particles whose ratio of particle to capillary radius 
is smaller than 0.075, attaining a minimum at  about this ratio of 
particle to capillary radius. This indicates that, for the smaller 
particle sizes, the exclusion effect is dominant. On the other 
hand, for ratios of particle to capillary radii greater than 0.075, 
the relative diffusion coefficient increases as  the particle size 
increases due to the effect of the increase in hydrodynamic resis- 
tance to translational diffusivity which then becomes the con- 
trolling mechanism. Our numerical calculations, obtained using 
the equations described in this paper (curve B), agree quite well 
with the results of Brenner and Gaydos. 

In the third case (curve C), we carried a sensitivity study of 
the effect of the slip velocity by considering in the first case (Di- 
Marzio and Guttman) the complete expression of the slip veloc- 
ity given by Eq. 26. As discussed above, an increase in the slip 
velocity, specially in the region near the wall, will result in an 
increase in the effective diffusion coefficient as  mentioned 
before. The increase of the effective diffusion coefficient over 
the values obtained in the first case (curve A) was not substan- 
tial enough to produce an upturn in the relative effective longi- 
tudinal diffusion coefficient as the particle size increases over 
the same range of particle to capillary radii. In another set of 
calculations, we set the slip velocity equal to zero everywhere in 
the capillary and obtained identical results as in the first case. 
These results point out the importance of the hydrodynamic 

Eflect of the inertial force of thefluid on the particle 
The effect on the radial distribution of particles by the radial 

force exerted by the fluid on a neutrally buoyant particle sus- 
pended in a Poiseuille flow field is determined by the particle 
radial velocity (which depends upon the slip velocity of the par- 
ticle), the radial component of the diffusivity tensor, the radius 
of the particle, and the radius of the capillary tube. As can be 
seen in the coefficient of the radial velocity term in Eq. 26 
(which will also become the coefficient of the integral expression 
in the exponential term of Eq. l l ) ,  these parameters can be 
lumped into the product of the particle Reynolds number, Re,,, 
the Peclet number, Pe and the dimensionless integral which 
accounts for the radial dependence of the radial velocity and the 
radial component of the diffusivity tensor. We have found that 
this integral has only a weak dependence on the ratio of particle 
radius to the capillary radius. Thus, the effect of the inertial 
force will be determined primarily by the magnitude of the prod- 
uct Re,Pe which depend upon the following variables: the eluant 
average velocity, particle size, and tube inner diameter. In this 
section, we will discuss the effect of each one of these variables. 
Two sets of calculations were performed. In the first case, the 
colloidal forces were neglected. In the second case, the colloidal 
forces were included in the calculations with an eIectrolyte con- 
centration of 1 mM. The effect of varying the electrolyte con- 
centration will be discussed in the next section. 

The effect of the eluant average velocity on the effective dif- 
fusion coefficient of the colloidal particles is shown in Figures 3 
and 4 for two capillary radii and particles smaller than 1 pm. In 
these calculations we set the colloidal forces equal to zero. For 
particles whose radius is smaller than 0.1 pm, the effective diffu- 
sion coefficient is not significantly affected by variations in the 
eluant average velocity. This can be attributed to the fact that 
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Figure 3. Theoretical results for the dimensionless axial 
diffusion coefficient of colloidal particles vs. 
particle size at different eluant average veloci- 
ties. 
Colloidal forces are not included; capillary diameter, 6 pm. 
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4. Theoretical results for the dimensionless axial 
diffusion coefficient of colloidal particles vs. 
particle size at different eluant average veloci- 
ties. 
Colloidal forces not included; capillary diameter, 60 pm. 

the product of the particle Reynolds and Peclet numbers is pro- 
portional to the fourth power of the particle radius. For particles 
larger than 0.1 pm in radius, the inertial forces become signifi- 
cant, and these larger particles will be subject to a greater radial 
lift force which will reduce the effective axial dispersion coeffi- 
cient by forcing the particles to migrate away from the region 
near the wall of the tube. 

In general, for the same particle size and eluant velocity, an 
increase in the radius of the capillary will increase both the 
dimensionless effective diffusion coefficient and the Taylor-Aris 
diffusion coefficient. 

Since the effect that the inertial force has on the flow behav- 
ior of the particles depends mainly on the value of the product 
Re,Pe, it is expected that a criterion can be established, based 
on this product, in order to determine the onset of inertial forces, 
as well as the conditions under which the inertial forces become 
the controlling mechanism of axial dispersion. We found that 
variations in the dimensionless effective axial diffusion coeffi- 
cient, compared to those values obtained at  zero particle radial 
velocity, begin to occur when Re,Pe = 0.1. For values of 
Re,Pe > 0.1, we found that as the product of Re,Pe increases 
(by either increasing the particle size and/or the fluid velocity, 
or by decreasing the capillary diameter), the dimensionless 
effective diffusion coefficient decreased monotonically. 

Eflect of colloidal forces 
The role of the colloidal forces on the mean axial diffusion 

coefficient is illustrated in Figures 5 to 8. Following Fowkes 
(1964), the value for the Hamaker constant for polystyrene in 
water, 5 x erg, was used. Values reported for the zeta 
potential of polymer latexes are generally within the range of 20 
to 150 mV and usually display an ionic strength dependence, 
indicative of the constancy of the surface charge density. In 
these calculations, values of 1.5 x lo4 statCoulomb/cm* and 30 
mV were used for the surface charge density of the particles and 
the surface potential of the capillary wall. The surface potential 
of the particles was evaluated by substituting the surface charge 
density into Eq. 26. The characteristic wavelength of the disper- 
sion interaction for polystyrene used was 1.46 x lo--' cm (Otte- 
will and Shaw, 1966). These are the same parameters used by 
Silebi and McHugh (1978) in the analysis of hydrodynamic 
chromatography. Figures 5 and 6 show the dimensionless mean 
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Figure 5. Theoretical results for the dimensionless axial 
diffusion coefficient of colloidal particles vs. 
particle size at different eluant average veloci- 
ties. 
Electrolyte concentration, 1 mM; capillary diameter, 6 pm. 

axial diffusion coefficient for the same geometry and flow condi- 
tions as in Figures 2 and 3, but in this case we included the col- 
loidal forces, with a 1-mM electrolyte concentration. One 
important difference between these results and those in Figures 
3 and 4 is that a t  this electrolyte concentration where double- 
layer repulsive forces are significant, the dimensionless effective 
dispersion coefficient is decreased. This effect is more noticeable 
for smaller particles for which the inertial forces are not signifi- 
cantly large. In the case of larger particles, the influence of the 
colloidal forces is detected only at very small velocities where 
Re,Pe < 30. For values of this product greater than 30, the col- 
loidal forces are very small compared to the inertial forces; 
under these conditions, their effect on the effective diffusion 
coefficient is negligible. 

Figures 7 and 8 show the effect of changing the ionic strength 
of the eluant on the dimensionless mean axial diffusion coeffi- 
cient for both a small- (6 pm), and a large-diameter (60 pm) 
capillaries. As can be seen in these two figures, the dimension- 
less effective axial diffusion coefficient decreases in general, as 
the ionic strength of the eiuant decreases. It is well known that 
the electrostatic double-layer repulsive force between two sur- 
faces (colloidal particle and capillary wall) increases, when the 
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Figure 6. Theoretical results for the dimensionless axial 
diffusion coefficient of colloidal particles vs. 
particle size at different eluant average veloci- 
ties. 
Electrolyte concentration, 1 mM; capillary diameter, 60 pm. 
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Figure 7. Theoretical results for the dimensionless axial 
diffusion coefficient of colloidal particles vs. 
particle size at different eluant ionic strengths. 
Eluant velocity, 1 crn/s; capillary diameter, 6 prn. 

ionic strength of the medium decreases. Thus, as the ionic 
strength of the eluant decreases, the particles will be pushed 
farther away from the capillary wall, therefore sampling faster 
streamlines which causes a decrease in the effective axial diffu- 
sion coefficient. 

An interesting feature observed in the case of smaller-diame- 
ter capillary (Figure 7) is the convergence of the curves as the 
particle diameter increases. This convergence is due to the mag- 
nitude of the inertial forces, which increase with increasing par- 
ticle size relative to the colloidal forces. Under these flow condi- 
tions, PeRe, = 26 for a 1-pm-diameter particle; therefore, the 
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Figure 8. Theoretical results for the dimensionless axial 
diffusion coefficient of colloidal particles vs. 
particle size at different eluant ionic strengths. 
Eluant velocity, 1 crn/s; capillary diameter, 60 pm. 
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inertial force acting on this particle is significantly greater than 
the colloidal forces (which are of shorter range and decay expo- 
nentially in the radial direction away from the surface of the 
capillary). On the other hand, in the case of the larger-diameter 
capillary, where PeRe, < 2.6, a set of essentially parallel curves 
for each ionic strength is obtained for particles of 1 pm and less 
in diameter. 

It is also important to emphasize that, for the larger capillary 
diameter, the decrease as well as the relative change in the effec- 
tive axial diffusion coefficient with ionic strength for each par- 
ticle size is very small compared to those variations obtained 
with the smaller diameter capillary. This indicates that for cap- 
illary tubes of 60 pm or more in inner diameter, the eluant ionic 
strength does not affect significantly the mean axial diffusion 
coefficient of colloidal particles in CHDF. 

Background and Experimental Details 
The experimental details of our instrument have been de- 

scribed elsewhere (Silebi and DosRamos, 1988), a diagram of 
the instrument is shown in Figure 9. It can be briefly described 
that, from a reservoir, a solution of surfactant is pumped by a 
Laboratory Data Control minipump (model 2396-57) equipped 
with a pulse dampener. The surfactant solution flows through 
the injection valve (Rheodyne 7413) where the sample ( 5  pL) is 
loaded and injected into the continuously flowing surfactant 
solution. This eluant is split into two streams at  the exit of the 
injection valve. The largest portion is sent to a split-flow capil- 
lary, while the other portion flows into the capillary column 
(Polymicro Technologies) where size fractionation of the colloi- 
dal particle takes place. 

The eluant exiting the capillary is mixed with fresh surfactant 
(which acts as scavenger or “make-up” fluid) delivered by a 
consta/metric 3000 constant flow rate duplex minipump (Labo- 
ratory Data Control) equipped with a pulse dampener. A 
SM4000-programmable UV light detector fitted with a 14-pL 
flow cell (Laboratory Data Control) is utilized to continuously 
monitor the tubidity of the resulting mixture as a means of 
determining the residence time of colloidal species in the capil- 
lary column. The capillary column consists of an open-fused sil- 
ica capillary tube, which is 1 to 20 m long and 4 to 68 pm in 
inner diameter, formed into a 10-cm-diameter coil. Sample 
splitting at  the injection valve and addition of “make-up” fluid 
a t  the detector are used to achieve the small sample volumes and 
low flow rates required due to the small capillary inner volume. 
The detector has been interfaced to a Zenith 2-148 microcom- 
puter equipped with a math coprocessor which reads the eluant 
turbidity every 0.5 s and stores these values on the microcom- 
puter hard disk for data analysis. 

Since the flow in the capillary is laminar, with tube Reynolds 
numbers ranging from 0.01 to 12, the internal diameter of the 
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Figure 9. Experimental setup. 
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capillaries used for the theoretical predictions were determined 
hydrodynamically by substituting the tube length, pressure 
drop, marker residence time, and fluid viscosity into the well- 
known Hagen-Poiseuille equation (Bird et al., 1960): 

where the average velocity of the marker is given by the ratio 
of tube length to mean residence time. Values of Ro from the 
manufacturer were found to agree well with those calculated 
from the Hagen-Poiseuille equation. 

Dispersion data for flow through capillaries 4-34 pm in diam- 
eter a t  various eluant average velocities were obtained by using 
well-characterized polystyrene latex particles (0.088-1.1 pm in 
diameter) dispersed in aqueous solutions containing sodium lau- 
ryl sulfate in the concentration range of 0.1 to 40 mM. Disper- 
sion measurements were also made with a molecular size solute, 
Na2Cr207, in order to evaluate the contributions of dead volume 
outside the capillary tube due to the injection and detection 
cells. 

Since a fractogram is fundamentally a time distribution of the 
concentration of sample in the eluting stream, the axial disper- 
sion in capillary tubes can be determined experimentally from 
the fractogram generated by the detection of the injected sample 
as it exits from the capillary tube. The spreading of the fracto- 
gram is characterized by the axial dispersion coefficient which 
can be evaluated from the variance, u:, of the fractogram given 
by: 

6- ( t  - ( t , ) ) * S ( t )  dt 
u: = (39) l- S ( t )  dt 

where ( t ,  ) is the average elution time of the sample, and S ( t )  is 
the detector response, which in the case of a photometer is 
related to as the optical density. The optical density is related to 
the mean particle concentration, C,,, (given by Eq. 37), and the 
particle scattering cross section, RSc, by: 

S ( t )  = C,R,,K (40) 

where K is the detector cell pathlength. In order to express this 
variance in units of particle displacement, u;, the time variance 
is multiplied by the square of the sample average axial velocity, 
(v, ); thus, 

The term plate height, HTP, used frequently as a dispersion 
parameter, can be defined as the distance-based variance in the 
peak width per unit length of axial displacement, Z, thus, the 
plate height is given by: 

0: HTp = - z 

The total mixing associated with the separation of submicron 
particles by CHDF is composed of the contributions from the 
mixing at  the injection valve, the capillary tube, and the detec- 

tor. This can be quantified in terms of the variance or second 
moment of the fractogram as  follows: 

(43) 2 2 2  uz = uc + an-i 

or in terms of the plate height: 

where o$ is the total fractogram variance calculated from the 
detector output, uf is the contribution to the total variance from 
the flow trough the capillary (obtained from the theoretical 
analysis), and ui-i represents the additional variance due to the 
nonidealities in the system. Similarly, HTP, H,, and Hn-, repre- 
sent the height of a theoretical plate obtained from the fracto- 
gram, and the contributions due to axial dispersion through the 
capillary and the nonidealities (dead volume effects). The con- 
tribution from the non-idealities was calculated from the differ- 
ence between the ideal degree of axial dispersion of a solute (so- 
dium dichromate) flowing through the capillary according to 
the theory developed by Taylor (1954), and the total experimen- 
tal dispersion of this solute on our CHDF system. The effect of 
the nonidealities is illustrated in Figure 10. The theoretical plate 
height obtained from the fractogram (upper set of points) and 
the theoretical plate height due to axial dispersion in the capil- 
lary (lower set of points) differ by a constant value. This differ- 
ence corresponds to the contributions from the nonidealities to 
the second moment of the fractogram obtained a t  the same flow 
conditions. As described before, these nonidealities are calcu- 
lated from the difference between Taylor’s analysis for molecu- 
lar species in solution flowing through a tube under laminar flow 
conditions and, the axial dispersion coefficient determined ex- 
perimentally with sodium dichromate. 

Comparison of Theory and Experiment 
Figures 10 to 15 show a comparison between the experimental 

results and those calculated by the theoretical analysis. The 
numerical results obtained using the theoretical analysis de- 
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Figure 10. Comparison of theoretical and experimental 
results for the theoretical plate height of col- 
loidal particles vs. particle size. 
+, total instrumental dispersion; X, dispersion due to the capil- 
lary; curve, theoretical calculation; capillary diameter, 12 pm; 
surfactant, lo-’ M SLS; om, 2.3 cm/s. 
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scribed above were compared to results obtained experimentally 
using our C H D F  system. The axial dispersion of submicron par- 
ticles was quantified in terms of the height of a theoretical plate, 
H,, due to the axial dispersion in the capillary. The experimen- 
tally-determined height of a theoretical plate and the theoreti- 
cally-calculated values are shown in Figures 10-1 5 for different 
particle sizes, eluant average velocities, capillary diameters, and 
eluant ionic strengths. The fitting between the experimental and 
the theoretical results is excellent. 

Figure 11 presents the effect of particle size on H,  at three 
different eluant average velocities. It can be observed that a t  low 
velocities H ,  increases with increasing particle size and increas- 
ing eluant average velocity. The convective contribution to axial 
dispersion (given by the first term in Eq. 36) is the controlling 
mechanism in liquids and increases with decreasing the diffu- 
sion coefficient of the solute species (larger particle size). Con- 
sequently, it is expected that H, would show this behavior. As 
shown below, this holds for the cases in which the lift force is 
relatively small, corresponding to values of Re,Pe < 10.5. This 
is the case for the eluant average velocities and particle sizes 
studied in this figure except for the larger particle a t  the highest 
eluant velocity for which this product is equal to 10.5. It can be 
observed that in this system the height of a theoretical plate for 
the larger particle is not linear and that it reaches a maximum at  
a velocity corresponding to Re,Pe = 10.5. Also it should be 
noted that under this conditions, in which the inertial forces 
become important, the height of a theoretical for the smaller 
particle (0.176 pm) is the same as that for the larger particle 
(0.357 pm). 

Figures 12 and 13 show the effect of the eluant average veloc- 
ity and particle size on the height of a theoretical plate in a 34- 
pm-diameter tube. In Figure 12 Re,Pe < 4, while in Figure 13 
Re,Pe > 4. Figure 12 shows the value of H, for 0.357- and 
0.088-pm particles using a 34-pm-diameter capillary. It can be 
seen that the theoretical plate height increases as the eluant 
average velocity increases. It can also be observed that the 
0.088-pm particles produce a straight line for this figure which 
resembles the linear relationship predicted for H, from Taylor’s 
analytical expression; however, smaller H ,  values are obtained 
due to the size exclusion effect and the colloidal and inertial 
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Figure 11. Comparison between theoretical and experi- 
mental results for the theoretical plate height 
of colloidal particles vs eluant average veloci- 
ty. 
Capillary diameter, 6.4 pm; surfactant, lo-’ M SLS. 
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Figure 12. Comparison between theoretical and experi- 
mental results for the theoretical plate height 
of colloidal particles vs. eluant average veloci- 
ty. 
Capillary diameter, 34 am; surfactant, lo-’ M SLS. 

forces. On the other hand, the 0.357-pm particles do not display 
this linear dependence. As the eluant velocity increases, the 
curve slope decreases, eventually approaching a maximum theo- 
retically a t  a velocity of 11.5 cm/s. These results indicate that, 
as the particles become smaller, their behavior approaches that 
of a solute. A maximum (such as the one displayed by the larger 
particles in Figure 13), however, should be obtained for the 
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Figure 13. Comparison between theoretical and experi- 
mental results for the theoretical plate height 
of colloidal particles vs. eluant average veloci- 
ty. 
Capillary diameter, 34 am; surfactant, lo-’ M SLS. 
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Figure 14. Comparison between theoretical and experi- 
mental results for the theoretical plate height 
of colloidal particles vs. particle size. 
Capillary diameter, 7 pm; eluant average velocity, 1.3 cm/s. 

smaller particles, if the eluant average velocity is increased to 
higher values where the inertial forces become significant. 

Figure 13 shows the calculated theoretical plate height, H,, in 
the case of a 34-wm-ID capillary tube for 1.1 and 0.794 pm par- 
ticles. As observed, a maximum in the value of the height of a 
theoretical plate is obtained as a function of the eluant average 
velocity for every particle size. Calculations using the theoreti- 
cal analysis described before predict that this maximum occurs 
a t  values of Re,Pe = 10.5. Thus, for larger particles, which 
reach this value at  smaller fluid velocities, the theoretical plate 
height is maximum at  smaller values of the eluant average 
velocity. Moreover, as can be seen from both the theoretical and 
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Figure 15. Comparison between theoretical and experi- 
mental results for the theoretical plate height 
of colloidal particles vs particle size. 
Capillary diameter, 4.1 pm; eluant average velocity, 0.75 cm/s. 

experimental results, the theoretical plate height is smaller for 
the larger particles a t  velocities for which this product is greater 
than 10.5. Conversely, a t  eluant average velocities below the 
maximum, the theoretical plate height is larger for larger par- 
ticles. As indicated before, this occurs because the lift force is 
not sufficiently strong a t  these values of eluant average velocity; 
therefore, the main mechanism governing the particle radial dis- 
placement a t  these low eluant average velocities are the particle 
radial diffusion and the colloidal forces, resulting in lower axial 
dispersion for species having larger diffusivity (smaller particle 
size). 

The effect of the eluant ionic strength is illustrated in Figures 
14 and 15 for capillaries with diameters of 7 and 4.1 pm, respec- 
tively. These figures show that, as theoretically predicted, the 
effective axial dispersion coefficient and consequently the 
height of a theoretical plate H decreases as the eluant ionic 
strength decreases, because the electric double-layer repulsive 
force between the colloidal particles and the capillary wall 
increases and particles are forced to sample streamlines farther 
away from the capillary wall. It is also observed in these two fig- 
ures that the relative effect of the electrostatic repulsion is more 
pronounced with the smaller capillary diameter in agreement 
with the theoretical calculations. 

Conclusions 
The effects of capillary diameter, eluant ionic strength, and 

eluant average velocity on the axial dispersion of colloidal par- 
ticles flowing through a capillary tube under laminar flow were 
studied both theoretically and experimentally. The theoretical 
analysis developed is based on the evaluation of the different 
forces acting on the colloidal particles traveling in Poiseuille 
flow through a capillary conduit. This mathematical model is 
capable of predicting both the average velocity of the particles 
as well as the degree of axial dispersion of colloidal particles, i.e., 
the degree of efficiency of separation of different sizes using the 
relevant experimental conditions. The results are predicted from 
first principles without use of any adjustable parameters. Excel- 
lent agreement between the predicted and experimental results 
is found; this is specially significant because of the absence of 
adjustable parameters in the analysis. 

It is observed that the axial dispersion of colloidal particles is 
a function of the ratio of particle to capillary radii, and the 
eluant ionic strength and average velocity. At low eluant aver- 
age velocities, since the product Re,Pe is less than 10.5, the 
degree of axial dispersion is larger for the larger particles. On 
the other hand, a t  large eluant average velocities and with 
Re,Pe > 10.5, the behavior is the opposite. This is due to the 
influence of the lift force on the particles. The lift force 
decreases the degree of axial dispersion and is larger for larger 
particles and larger eluant average velocities. This effect is bet- 
ter quantified by the product of the particle Reynolds and Peclet 
numbers. At values of this product above 30, the inertial force is 
dominant and the colloidal forces have very little influence in 
the effective axial diffusivity of the particles. At values of this 
product below 0.1, the inertial forces are negligible and the 
effective diffusion coefficient is solely affected by the colloidal 
forces. The height of a theoretical plate of a colloidal particle, 
which depends upon the degree of axial dispersion, is maximum 
when the product Peclet and particle Reynolds number are 
equal to 10.5, indicating that a t  this condition the inertial force 
becomes noticeable, pushing the particles to move away from 
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the wall of the capillary and consequently decreasing the degree 
of axial dispersion. 

Notation 
a - minimum separation distance between particle 

A = integration constant for solute concentration, par- 
and capillary wall, cm 

ticIes/cm’ 
A,, - Hamaker constant, erg 

c, - ionic concentration in the eluant, mol/cm’ 
c - solute concentration, particIes/cm’ 

C, = mean solute concentration, particIes/cm’ 
D* - effective axial diffusivity, cm’/s 
D, - i component of the diffusion coefficient tensor, 

D, - particle diffusion coefficient, cm’/s 
Dp - particle diameter, cm 

e - protonic charge, C 
FH - hydrodynamic resistance to particle displacement, 

dyne 
fi(h/Ro) - correction to Stokes’ law for a particle moving 

near a wall in the i direction 
yl(r /Ro) , j2(h/Ro) - radial migration velocity functions for neutrally 

buoyant particles 
g(r/R.) - radial migration velocity function for nonneu- 

trally buoyant particles 

cm’/s 

HTp - theoretical plate height, cm 
H, - capillary contribution to the height of a theoreti- 

Hd - contribution of the nonidealities to the height of a 

h(r/R,) = radial migration velocity function for particles in 

cal plate, cm 

theoretical plate, cm 

a quiescent fluid 
k - Boltzmann Constant, 1.38 x 
L - capillary length, cm 
N - total particle flux tensor, particles - cm-* - s-’ 
N, - longitudinal particle flux, particles - cm-’ - s-’ 
N,, - rate of transport of particles across a plane of con- 

AP = capillary pressure drop, Pa 
Pe - Peclet number, R,v,,,/D, 

Re = tube Reynolds number, 2R,v,/v 

R, - separation factor equal to the ratio of particle to 

R, = capillary inner radius, cm 
R, = particle radius, cm 

(up, ) - particle mean axial velocity, cm/s 
v, - eluant average velocity, cm - s-‘ 
up, - particle radial velocity, cm/s 
v,, = particle axial slip velocity, cm/s 
v,, - particle local longitudinal velocity, cm/s 

z - electrolyte valence 
Z - distance from tube entrance, cm 
Z, - axial distance with respect to a coordinate system 

moving with velocity v,, cm 

erg/K 

stant &, particles * cm-’ - s-’ 

r - radial distance from axis, cm 

Re, - particle Reynolds number, 2Rpv,p(0)/~ 

eluant average velocities in the capillary 

Greek letters 
t - eluant dielectric constant 
a = total interaction potential, erg 

aDr - electrostatic double-layer potential, erg 
am = van der Waals potential of interaction, erg 

K = ratio of particle radius to tube radii radius 
KD = debye double-layer thickness, cm 
X - wavelength of intrinsic oscillations of atoms, cm 
p - eluant viscosity, g/cm s 
Y - eluant kinematic viscosity, cm*/s 
4 - variance of the longitudinal displacement, cm’ 
4 - variance of the residence time distribution, s2 
u: = total longitudinal variance of the fractogram, cm* 
uq - surface charge density, C/cm’ 

qi = capillary ( i  = I ) ,  or particle (i - 2 )  surface poten- 
tials, erg 
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